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Abstract
This paper studies a two-dimensional, membrane-based acoustic metamaterial with near-zero
refractive index. It yields a frequency-dependent effective density that is near-zero at a certain
narrow frequency band centered around the first resonance frequency, which results in a near-zero
refractive index. Numerical simulations are shown here to demonstrate that the phase in this
metamaterial undergoes small changes, and it functions as an angular filter, such that only a wave
with a near-zero incident angle can transmit through. Its ability to tailor acoustic phase pattern
is also discussed in this letter.
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I. INTRODUCTION
Previous studies on acoustic metamaterial have been focusing on achieving negative
acoustic properties, such as a negative bulk modulus [1, 2], negative density [3–5], and
refractive index [6]. These extraordinary acoustic properties have potential applications
of insulating noise of a broad-band frequency [7], achieving sub-wavelength imaging [8],
and hiding an object from sonar detections [9]. Near-zero-index is another interesting phe-
nomenon that can be realized by metamaterials and has recently been reported in numer-
ous articles. Unfortunately, most of these studies concern the zero index metamaterials
(ZIMs) for electromagnetic waves. Theoretically, a near-zero-index indicates a medium with
infinitely large phase velocity and wavelength. In other words, a wave in a ZIM under-
goes no phase change. This remarkable property has led to many interesting applications
such as directive emission [10], self-collimation [11], tailoring radiation phase pattern [12],
super-reflecting and cloaking [13]. In addition, a near-zero-index means only a wave with
a near-zero incident angle (normal incidence) can be transmitted through the ZIMs, while
other waves will be totally reflected. Therefore, a ZIM can also function as a highly selective
angular filter.
One-dimensional (1D) acoustic ZIMs, whose effective density and compressibility are
simultaneously equal to zero, have been proposed [14]. The designs are based on mem-
branes and open channels built inside a waveguide. However, acoustic ZIMs can also be
achieved with only effective density being zero. Theoretically, clamped membranes intro-
duce frequency-dependent effective density while open channels (or branch openings) in-
troduce frequency-dependent effective compressibility (or bulk modulus). Both the density
and compressibility can be negative, zero, and positive, depending upon the frequency. A
two-dimensional (2D) membrane-based acoustic metamaterial which accomplished negative
density was recently reported and claimed to be able to amplify evanescent waves [8], thereby
leading to sub-wavelength images. We show in this letter that, a similar metamaterial can
also be a ZIM in a certain narrow frequency band, and can be used as an angular filter.
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II. THEORY AND SIMULATION RESULTS
It has been both theoretically and experimentally shown that membrane-based metama-
terials exhibit negative density approximately below a resonance frequency ω0 determined
by the elastic property of the membrane [4, 5, 14],
ω0 =
√
2pi/a
√
µ0/ρ0, (1)
where a is the width of the membrane, µ0 is the shear modulus, ρ0 is the density of the
membrane.
A negative density essentially results in a purely imaginary phase velocity (given that the
compressibility is unaltered) and converts propagating waves into evanescent waves. Neg-
ative density can also be used to amplify evanescent waves. This has been experimentally
verified in a recent paper using a 2D (x-z plane) membrane-based acoustic metamaterial,
which is essentially a repetition of a 1D metamaterial proposed by the same authors in the
z-direction [8]. Around the resonance frequency, the density in the membrane-based meta-
material is effectively near-zero, leading to an infinitely large phase velocity, and therefore,
a near-zero index. This is numerically validated for the 1-D case [14]. It is hypothesized
that, the 2D metamaterial can also behave as a ZIM around the resonance frequency.
Numerical simulations are presented here to validate this hypothesis. A full 3D simulation
is extremely computationally consuming, therefore, 2D simulations are carried out without
a loss of generality. Figure 1 illustrates the rectangular 2D metamaterial in our simulations,
which has a size of 53cm × 58cm. It consists of a number of small unit cells where each
one includes a square air cavity and four membrane surrounding it. The left side of this
metamaterial is coupled to free space containing incident waves while the other three sides
are non-reflecting, which can be physically achieved by highly absorptive materials, e.g.,
foams. The membranes are ideally clamped and assumed to be rubber-like materials, whose
density is 1100 kg/m3, Young’s modulus is 50 Mpa, and Poisson’ ratio is 0.49. The thickness
of the membrane is 0.5 mm. Support frames are not modeled for simplicity, but can be easily
incorporated. In other words, support frames in this study are assumed to be completely
rigid and infinitely small. Consideration of the frame supports is expected to only shift the
resonance frequency slightly and will not alter the conclusion of this paper. The background
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medium is air, whose density is 1.25 kg/m3 and speed of sound is 343 m/s.
It is noted that, Eq.1 is valid for 3D cases, therefore the resonance frequency for a 2D
problem needs to be numerically determined. This can be simply done by analyzing the
dispersion and the zero density occurs at the frequency where the Bloch wave vector is
zero [15]. An alternative approach is to find the frequency where the pressure (or the phase)
undergoes almost no change across the metamaterial, which is used in this study. In either
case, it is much more convenient to estimate the resonance frequency for a single line of
this 2D metamaterial, which is shown in Fig.2(a). In the simulation, a plane wave with an
amplitude of 1 Pa enters the boundary on the left, and leaves the boundary on the right
without any reflection. The simulation is implemented by COMSOL, the frequency-domain
acoustic-structure interaction modulus. The boundary condition is set such that “edge load
is defined as force/length”. The resonance frequency is then determined to be around 745
Hz. Figure 2(b) illustrates the subtle phase change inside this 1D metamaterial along a
length of 0.4m (corresponds to almost one wavelength in the air) at 745 Hz, from which the
phase velocity can be estimated to be around 35000 m/s. Additional simulations show that
from 740 to 750 Hz, the effective phase velocity has shown to be above around 15000 m/s,
therefore this structure is expected to have near-zero-index in a narrow frequency-band, i.e.,
740-750Hz. Again, unlike the 2D ZIM, the resonance frequency for a 3D ZIM has been
analytically acquired [5, 14], which makes the design possible and convenient.
It has been shown that for a 2D structure consisting of this 1D waveguide, the resonance
frequency and effective density are essentially about the same [8]. Note that the dimensions
of the 2D metamaterial are slightly larger than one wavelength at 745 Hz in air. Additional
simulations show that this is a minimum allowable size to achieve reasonably good angular
filtering.
To ensure that the resonance frequency remains the same for the 2D structure, Fig.3 shows
the phase distribution inside the metamaterial when a plane wave at 745 Hz enters from the
left side with a normal incidence. It can be seen that even though not as good as in the 1D
case, in overall the phase undergoes relatively small changes in the metamaterial compared
with otherwise in the air, implying a near-zero index. To gain more insight on this 2D
structure, we also calculate the eigenstate of a unit cell by applying the periodic boundary
condition. Figure 4 illustrates the pressure distribution in the air and the corresponding
displacement of the membranes. At the resonant frequency (745 Hz), the phase of the
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pressure field at the corresponding boundaries (left-right or upper-lower) are maintained,
indicating there is only little phase change at this frequency in a macroscopic view, and
the index of the structure is effectively zero. The displacement of the membrane shows the
longitudinal mode of the first resonance.
Next, we test this metamaterial by sending plane waves towards it with various incident
angles up to 45 degree, because small angles are of most interest in this study. Figure 5
shows a polar diagram of the normalized pressure square at a point that is 55 cm away
from the left boundary of this metamaterial (the location of this point does not change the
result significantly). Results at two different frequencies are shown. At 745 Hz, which is the
resonance frequency, a strong amplitude is found at the normal incident angle, while the
amplitudes at other angles quickly drop and become negligible. At a frequency slightly off
the resonance frequency,i.e., 770 Hz, the polar diagram becomes less directive compared with
the one at 745 Hz, as the index progressively deviates from infinity as frequency increases.
Finally, we demonstrate yet another interesting phenomenon of ZIMs, i.e., if there is a
point source inside a ZIM, the shape of the wavefronts leaving the ZIM is entirely determined
by the shape of the exit surfaces of the ZIM, which can be employed for the design of phase
patterns [12]. To show this, a point source with an acoustic power of 1W is imbedded at the
center of the metamaterial, and Fig. 6 presents the radiation pattern (acoustic pressure)
in the surrounding air. As can be seen in Fig. 6(a), the radiation pattern, even though
essentially resulted from a point source, strikingly resembling the radiation pattern from a
line source (Fig. 6(b)) which appears to locate on the left boundary of this metamaterial.
This is due to the reason that every point in this metamaterial experiences a quasi-uniform
acoustic phase. Additional simulations show that placing the source off the center does not
change the result significantly.
III. CONCLUSIONS
To conclude, we have numerically verified a 2D membrane-based acoustic metamaterial
that has near-zero-index. It is shown that the phase changes slowly in the metamaterial,
indicating a large phase velocity. Transmission of plane waves entering this ZIM from dif-
ferent angles are calculated. It is demonstrated that, around the resonance frequency, only
a wave of normal direction can penetrate through the ZIM, while other incident waves are
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reflected. Therefore this ZIM behaves as a perfect angular filter, thus can be potentially
developed to be an angular sensor. This metamaterial is also shown to be able modify the
radiation phase pattern according to the shape of the exit surface. In this study, we success-
fully manipulate a point source so that it behaves as a line source. It is worth pointing out
that, better performance of this ZIM can be achieved by also reducing the compressibility to
a near-zero value using branch openings or open channels, such further increasing the effect
phase velocity. This, however, necessitates a full 3D simulation and will be addressed in a
future study. Finally, it is noted that a recent paper reports on a different design of ZIM by
coiling up space [16], where wave tunneling is studied. Nevertheless, angular filtering and
radiation phase pattern manipulation of an acoustic ZIM have not been studied before to
the best of our knowledge.
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FIG. 1: Schematic illustration of the 2D membrane-based ZIM. A magnified plot of the right
bottom corner of the ZIM is shown on the right side. Acoustic plane waves are entering the ZIM
from the left side with an incident angle of θ.
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FIG. 2: (a) Schematic illustration of the 1D membrane-based ZIM. Acoustic waves are entering
the ZIM from the left side. This structure is used to determine the resonance frequency. (b) The
phase change inside the 1D ZIM at 745 Hz.
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FIG. 3: (Color online) Phase distribution inside the 2D ZIM at 745 Hz as a plane wave enters from
the left perpendicularly.
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FIG. 4: (Color online) Eigenstate of a unit cell at 745 Hz.
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FIG. 5: Polar diagram of the pressure square in the metamaterial at various angles for 745 Hz and
770 Hz.
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FIG. 6: (Color online) Radiation pattern in the surrounding air from (a) a point source inside the
metamaterial. (b) a line source on the left boundary of the metamaterial.
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